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Abstract
We investigate how a self-delta move, which is a delta move on the same component, influences
the HOMFLY polynomial of a link. Then we reveal some relationships among finite type invariants,
which are coming from the derivatives of the Jones polynomials and the first HOMFLY coefficient
polynomials, of the four links involving in a self-delta move.
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1. Introduction
The HOMFLY polynomial, which is a topological invariant for an oriented link in S3,
is defined by a recursive formula involving a skein triple (K+,K−,K0) as shown in Fig. 1.
The crossing change, that is, the move K+ ↔ K−, is an unknotting operation. The delta
move as illustrated in Fig. 2 is another unknotting operation; see [15,18]. If further the three
strands in each of the links in Fig. 2 belong to the same component, the move is called a
self delta move; cf. [19–22,27,28]. In this paper, we consider the polynomial invariants of
the four links involving a self-delta move.
* Corresponding author.
E-mail addresses: kanenobu@sci.osaka-cu.ac.jp (T. Kanenobu), nick@kurenai.waseda.jp (R. Nikkuni).
1 The authors were partially supported by Grant-in-Aid for Scientific Research (B) (No. 14340027), Japan
Society for the Promotion of Science.
0166-8641/$ – see front matter  2004 Published by Elsevier B.V.
doi:10.1016/j.topol.2003.02.003
92 T. Kanenobu, R. Nikkuni / Topology and its Applications 146–147 (2005) 91–104Fig. 1.
Fig. 2.
Fig. 3.
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Let L, M , L0, M0 be four oriented links, which are identical except inside the depicted
regions as illustrated in Fig. 3. We call (L,M,L0,M0) a delta skein quadruple. If further
the three strands in each of the links L, M , L0 belong to the same component and those in
M0 belong to different components, then such a delta skein quadruple is called a self delta
skein quadruple; see Fig. 4, where the dotted arcs show how the strands connect. Thus in
this case, M is obtained from L by a self-delta move, and vice versa, and if L and M have
n components, then L0 has n components and M0 has n + 2 components. Note that the
oriented delta moves given in Fig. 5(b) and (c) are realized by using the delta move given
in Fig. 5(a); see [18, Fig. 1.1].
We give a relation among the HOMFLY polynomials of the delta skein quadruple
(Theorem 3.1), which implies relations for the Jones and Conway polynomials of the
delta-skein quadruple (Corollary 3.2) and a relation for the first HOMFLY coefficient
polynomials of the self delta skein quadruple (Theorem 4.1). Since the coefficients of
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the Conway polynomials, the derivatives of the Jones and the first HOMFLY coefficient
polynomials are finite type invariants (or Vassiliev invariants) [1,2,29,30], we may
have some relationships among these invariants of the (self) delta skein quadruple
(Theorems 4.4–4.7). We also obtain a relation for the constant terms of the Q polynomials
concerning a delta move of a knot (Corollary 4.9).
In Section 2, we give definitions of polynomial invariants of links and their properties,
and explain finite type invariants derived from polynomial invariants. In Sections 3 and 4,
we give relations among polynomial invariants and finite type invariants of the delta skein
quadruple. In Section 5, we apply our results to twist knots.
2. Preliminaries
2.1. Polynomial invariants
The HOMFLY polynomial P(L; t, z) ∈ Z[t±1, z±1] is an invariant of the isotopy type
of an oriented link L, which is defined, as in [8], by the following formulas:
P(U ; t, z) = 1, (2.1)
t−1P(K+; t, z)− tP (K−; t, z) = zP (K0; t, z), (2.2)
where U is a trivial knot and (K+,K−,K0) is a skein triple; see [5,26].
The Conway polynomial ∇L(z) ∈ Z[z] and the Jones polynomial V (L; t) ∈ Z[t±1/2] of
an oriented link L are given by the following formulas; see [4,8]:
∇L(z) = P(L;1, z), (2.3)
V (L; t) = P (L; t, t1/2 − t−1/2). (2.4)
Let L = K1 ∪ K2 ∪ · · · ∪ Kr be an oriented r-component link and Lk(L) be the total
linking number of L; Lk(L) =∑i<j lk(Ki,Kj ) with lk(Ki,Kj ) the linking number of Ki
and Kj . By [14, Proposition 22], the HOMFLY polynomial of L is of the form
P(L; t, z) =
∑
n0
P2n−r+1(L; t)z2n−r+1, (2.5)
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where each P2n−r+1(L; t) ∈ Z[t±1] is called the coefficient polynomial; the powers of t
which appear in it are all even or odd, depending on whether 2n − r + 1 is even or odd. In
particular, the first coefficient polynomial has the following relation:
P1−r (L; t) = t2 Lk(L)(t−1 − t)r−1
r∏
i=1
P0(Ki; t). (2.6)
Furthermore, the Conway polynomial of L is of the form
∇L(z) =
∑
n0
a2n+r−1(L)z2n+r−1, (2.7)
where a2n+r−1(L) = P2n+r−1(L;1) ∈ Z; cf. [12]. Note that P2n−r+1(L;1) = 0 for 0 
n r − 2.
2.2. Finite type invariants derived from polynomial invariants
Some finite type invariants of knots and links are derived from the polynomial
invariants. In fact, the mth coefficient of the Conway polynomial of a link L, am(L), is
an order m invariant; the mth derivative of the Jones polynomial of a link L at t = 1,
V (m)(L;1), is an order m invariant; the rth derivative at t = 1 of the q th coefficient
polynomial of a link L, P (r)q (L;1), is an order q + r invariant; see [1,2,10,29].
For V (m)(L;1), m = 0, 1, 2, we have the following equations; see [8,16,17]. For m = 3,
such an equation has been given in [16].
Proposition 2.1. Let L = K1 ∪ K2 ∪ · · · ∪ Kn be an n-component link. Then
V (L;1) = (−2)n−1, (2.8)
V (1)(L;1) = −3(−2)n−2 Lk(L), (2.9)
V (2)(L;1) = (n − 1)(−2)n−3 + 3(−2)n−2 Lk(L)
+ 3(−2)n
n∑
i=1
a2(Ki) + 3(−2)n−1 Lk2(L)
− 9(−2)n−2
∑
i<j, s<t, (i,j)≺(s,t)
lk(Ki,Kj ) lk(Ks,Kt ), (2.10)
where Lk(L) =∑i<j lk(Ki,Kj ), the total linking number of L, Lk2(L) =∑i<j lk(Ki,
Kj )
2
, and (i, j) ≺ (s, t) means either i < s or i = s, j < t .
Let Vn be the space of the finite type invariants for knots of order less than or equal to n.
Then we have the following; see, for example, [10].
Proposition 2.2.
(i) V0 = V1, which consists of a constant map.
(ii) V2/V1 is spanned by a2(·).
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(iii) V3/V2 is spanned by P (3)(·;1).0
(iv) V4/V3 is spanned by {a2(·)2, a4(·),P (4)0 (·;1)}, and V4 is determined by the HOMFLY
polynomial.
Proposition 2.1 gives relations among finite type invariants of links. Propositions 2.1
and 2.2 yield some relations among finite type invariants of knots; see [9,10].
Proposition 2.3. For a knot K , the following hold:
V (2)(K;1)= −6a2(K), (2.11)
P
(2)
0 (K;1) = −8a2(K), (2.12)
V (3)(K;1)= 3
4
P
(3)
0 (K;1), (2.13)
V (4)(K;1)= −6a2(K) − 72a4(K) + 34P
(4)
0 (K;1). (2.14)
Notice also that P0(K;1) = 1 and P (1)0 (K;1) = 0 for a knot K; see [14, Propositions
22 and 23]. Eq. (2.14) has been given in [10, (5.11)] in a wrong form. The correct one has
been given in [9, Appendix].
3. Polynomials of a delta skein quadruple
In contrast with (2.2), we have the following.
Theorem 3.1. Let (L,M,L0,M0) be a delta skein quadruple. Then
P(L; t, z) − P(M; t, z) = t2z2(P(L0; t, z)− P(M0; t, z)). (3.1)
Proof. Consider the skein tree as illustrated in Fig. 6. First, we have the two skein triples
(L,L2,L1) and (M,M2,M1), and thus from (2.2), we obtain
t−1P(L; t, z) − tP (L2; t, z) = zP (L1; t, z), (3.2)
t−1P(M; t, z)− tP (M2; t, z) = zP (M1; t, z). (3.3)
Since L2 and M2 are isotopic by the Reidemeister move, (3.2) and (3.3) imply
P(L; t, z) − P(M; t, z) = tz(P(L1; t, z)− P(M1; t, z)). (3.4)
Next, from the two skein triples (L1,L3L0) and (M1,L3,M0), we obtain
t−1P(L1; t, z)− tP (L3; t, z) = zP (L0; t, z), (3.5)
t−1P(M1; t, z)− tP (L3; t, z) = zP (M0; t, z), (3.6)
which imply
P(L1; t, z)− P(M1; t, z) = tz
(
P(L0; t, z)− P(M0; t, z)
)
. (3.7)
96 T. Kanenobu, R. Nikkuni / Topology and its Applications 146–147 (2005) 91–104Fig. 6.
Substituting (3.7) into (3.4), we obtain (3.1), completing the proof. 
By using (2.3) and (2.4), (3.1) implies the following formulas, where (3.9) has been
given in [23, Lemma 3.3].
Corollary 3.2. Let (L,M,L0,M0) be a delta skein quadruple. Then
∇L(z) − ∇M(z) = z2
(∇L0(z) − ∇M0(z)), (3.8)
VL(t) − VM(t) = t (t − 1)2
(
VL0(t) − VM0(t)
)
. (3.9)
Differentiating the both sides of (3.9) in Corollary 3.2, we have the following, which
we will use in the next section.
Corollary 3.3. Let (L,M,L0,M0) be a delta skein quadruple. Then
V (m)(L;1)− V (m)(M;1)
= m(m− 1)(V (m−2)(L0;1)− V (m−2)(M0;1))
+ m(m − 1)(m− 2)(V (m−3)(L0;1)− V (m−3)(M0;1)). (3.10)
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4. Polynomials of a self delta quadrupleIn this section, we apply the formulas (3.1) and (3.8)–(3.10) obtained in the previous
section to a self delta skein quadruple. We use the following notation through this section:
Let (L,M,L0,M0) denote a self delta skein quadruple such that L = J ∪ J1 ∪ · · · ∪ Jr ,
M = K ∪ J1 ∪ · · · ∪ Jr , L0 = J0 ∪ J1 ∪ · · · ∪ Jr are (r + 1)-component links and M0 =
K1 ∪ K2 ∪ K3 ∪ J1 ∪ · · · ∪ Jr is an (r + 3)-component link, r  0, where (J,K,J0,K0)
is a self delta skein quadruple with K0 = K1 ∪ K2 ∪ K3 a 3-component link. Also, we use
the notation “Lk” and “Lk2” given in Proposition 2.1.
4.1. HOMFLY polynomials of a self delta quadruple
Considering the coefficient polynomials of (3.1) in Theorem 3.1, we have
Pm(L; t) − Pm(M; t) = t2
(
Pm−2(L0; t) − Pm−2(M0; t)
) (4.1)
for each m. Although this holds for any delta skein quadruple, we consider for a self delta
skein quadruple (L,M,L0,M0). As a special case of this formula, we have the following.
Theorem 4.1.
P0(J ; t) − P0(K; t) = −t2 Lk(K0)
(
t2 − 1)2P0(K1; t)P0(K2; t)P0(K3; t). (4.2)
Proof. If m = r = 0, then (4.1) becomes P0(J ; t)− P0(K; t) = t2(P−2(J0; t) − P−2(K0;
t)). Since J0 is a knot, P−2(J0; t) = 0. From (2.6), we have P−2(K0; t) = t2 Lk(K0)(t−1 −
t)2P0(K1; t)P0(K2; t)P0(K3; t). Thus we obtain (4.2). 
Remark 4.2. Since P−r−4(L0; t) = 0, from (4.1) with m = −r − 2 we have
P−r (L; t) − P−r (M; t) = −t2P−r−2(M0; t). (4.3)
Notice that L and M have the equal total linking numbers, which we denote by µ;
µ = Lk(L) = Lk(M). Then Lk(M0) = µ + Lk(K0). From (2.5) and (2.6), we have
P−r (L; t) = t2µ
(
t−1 − t)rP0(J ; t) r∏
i=1
P0(Ji; t), (4.4)
P−r (M; t) = t2µ
(
t−1 − t)rP0(K; t) r∏
i=1
P0(Ji; t), (4.5)
P−r−2(M0; t) = t2 Lk(K0)+2µ
(
t−1 − t)r+2P0(K1; t)P0(K2; t)P0(K3; t) r∏
i=1
P0(Ji; t).
(4.6)
Substituting these equations into (4.3), we obtain (4.2).
Remark 4.3. Using (2.2) and (2.6), we have
t−1P0(K+; t) − tP0(K−; t) = t2 Lk(K0)
(
t−1 − t)P0(K1; t)P0(K2; t); (4.7)
see [13]. Compare this equation with (4.2).
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4.2. Jones polynomials of a self delta quadrupleFrom (3.10), we have the following.
Theorem 4.4.
V (2)(L;1)− V (2)(M;1) = 3(−2)r+1, (4.8)
V (3)(L;1)− V (3)(M;1) = −9(−2)r(3 Lk(L0) + 4 Lk(K0) + 2). (4.9)
Proof. Using (2.8) and (2.9) in (3.10) with m = 2, we obtain (4.8).
Next, from (3.10), we have
V (3)(L;1)− V (3)(M;1)
= 6(V (1)(L0;1)− V (1)(M0;1))+ 6(V (L0;1)− V (M0;1))
= 6(−3)((−2)r−1 Lk(L0) − (−2)r+1 Lk(M0))+ 6((−2)r − (−2)r+2)
= 9(−2)r(Lk(L0) − 4 Lk(M0) − 2), (4.10)
where we use (2.9) and (2.8). Now,
Lk(L0) =
∑
1jr
lk(J0, Jj ) +
∑
1i<jr
lk(Ji, Jj ),
Lk(M0) =
∑
1i3,1jr
lk(Ki, Jj ) +
∑
1i<jr
lk(Ji, Jj ) + Lk(K0).
Since lk(J0, Jj ) =∑1i3 lk(Ki, Jj ) for each j , we have
Lk(L) = Lk(M) = Lk(L0) = Lk(M0) − Lk(K0). (4.11)
Using this, (4.10) yields (4.9). 
Theorem 4.5.
V (4)(J ;1)− V (4)(K;1)
= 72
(
−a2(J0) + 4
3∑
i=1
a2(Ki) − 2 Lk2(K0) − 3a2(K0) − Lk(K0)
)
− 24. (4.12)
Notice that
a2(K0) = lk(K1,K2) lk(K1,K3) + lk(K1,K2) lk(K2,K3)
+ lk(K1,K3) lk(K2,K3), (4.13)
which is due to Hoste [7]; cf. [11, Section 8]. Thus we have
Lk(K0)2 = Lk2(K0) + 2a2(K). (4.14)
Proof. From (3.10), we have
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V (4)(J ;1)− V (4)(K;1)
= 12(V (2)(J0;1)− V (2)(K0;1))+ 24(V (1)(J0;1)− V (1)(K0;1)).
By using (2.10) and (2.9), this becomes
12
(
−6a2(J0) − 2 − 3(−2)Lk(K0) − 3(−2)3
3∑
i=1
a2(Ki)
− 3(−2)2 Lk2(K0) + 9(−2)a2(K0)
)
+ 24(−(−3)(−2)Lk(K0)),
which implies (4.12). 
4.3. Conway polynomials of a self delta skein quadruple
Putting t = 1 in (4.1), we have
am(L) − am(M) = am−2(L0) − am−2(M0). (4.15)
For a self skein quadruple, this yields the following, where (4.16) has been given by
Nakanishi [19] as a generalization of Okada’s formula (4.17) below.
Theorem 4.6.
ar+2(L) − ar+2(M) = ar(L0). (4.16)
4.4. Finite type knot invariants of a self delta skein quadruple
We summarize the relations of small order finite type invariants given as a basis in
Proposition 2.2 for a self delta skein quadruple (J,K,J0,K0). In the following, (4.17) is
due to Okada [25] and (4.21) (equivalently, (4.18)) is due to Nikkuni [23,24].
Theorem 4.7.
a2(J ) − a2(K) = 1, (4.17)
P
(3)
0 (J ;1)− P (3)0 (K;1)= −24
(
2 Lk(K0) + 1
)
, (4.18)
a4(J ) − a4(K) = a2(J0) − a2(K0), (4.19)
P
(4)
0 (J ;1)− P (4)0 (K;1)= 24
(
16
3∑
i=1
a2(Ki) − 8 Lk(K0)2 − 4 Lk(K0) − 1
)
.
(4.20)
Proof. As special cases of (4.8), we obtain (4.17) and (4.19); (4.17) is also obtained from
(4.8) with r = 0 by using (2.11).
Next, from (4.9) with r = 0, we have
V (3)(J ;1)− V (3)(K;1) = −18(2 Lk(K0) + 1), (4.21)
which yields (4.18) by using (2.13).
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Lastly, using (2.14), we have
V (4)(J ;1)− V (4)(K;1)
= −6(a2(J ) − a2(K))− 72(a4(J ) − −72a4(K))
+ 3
4
(
P
(4)
0 (J ;1)− P (4)0 (K;1)
)
= −6 − 72(a2(J0) − a2(K0))+ 34
(
P
(4)
0 (J ;1)− P (4)0 (K;1)
)
, (4.22)
where we use (4.17) and (4.19). By combining this with (4.12) in Theorem 4.5, we obtain
P
(4)
0 (J ;1)− P (4)0 (K;1)
= 8 + 96(a2(J0) − a2(K0))
+ 96
(
−a2(J0) − Lk(K0) + 4
3∑
i=1
a2(Ki) − 2 Lk2(K0) − 3a2(K0)
)
− 32
= 96
(
−Lk(K0) − 2 Lk2(K0) − 4a2(K0) + 4
3∑
i=1
a2(Ki)
)
− 24
= 96
(
4
3∑
i=1
a2(Ki) − Lk(K0) − 2 Lk(K0)2
)
− 24, (4.23)
where we use (4.14). This completes the proof. 
Remark 4.8. Differentiating the both sides of (4.2) in Theorem 4.1, we obtain
P
(2)
0 (J ;1)− P (2)0 (K;1)= −8, (4.24)
(4.18), and (4.20). Again, we obtain (4.17) from (4.24) by using (2.12).
4.5. Q polynomials of a self delta quadruple
The Q polynomial Q(M;x) ∈ Z[x±1] is an invariant of an unoriented link M defined
by the following formulas:
Q(U ;x) = 1, (4.25)
Q(M+;x)+ Q(M−;x) = x
(
Q(M0;x)+ Q(M∞;x)
)
, (4.26)
where U is the unknot and (M+,M−,M0,M∞) are four links which are identical except
inside the depicted regions as illustrated in Fig. 7; see [3,6].
It is known that
Q(K;0) = P0
(
K;√−1 )≡ 1 (mod 4) (4.27)
for a knot K; see [3, Property 7], [13, Theorem 4.12(i)]. Then by (4.2) in Theorem 4.1 we
have the following corollary.
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Corollary 4.9. Let J and K be two knots such that K is obtained from J by a single delta
move. Then
Q(J ;0) 
= Q(K;0). (4.28)
In particular, a non-trivial knot K with Q(K;0) = 1 does not become unknotted by a single
delta move.
5. Example
As mentioned in Section 1, the oriented delta move L ↔ M , where L and M are as in
Fig. 3, is an unknotting operation. That is, for any knot K , there is a sequence of knots:
K = K0 ∆1−→ K1 ∆2−→ · · · ∆m−1−→ Km−1 ∆m−→ Km = U,
where Ki−1 ∆i−→ Ki means that Ki is obtained from Ki−1 by a single delta move ∆i ,
i = 1,2, . . . ,m, and U denotes a trivial knot. For a skein delta quadruple (L,M,L0,M0),
we define the sign of the oriented delta move ∆, ε(∆), as follows:
ε(∆) =
{
1 if L ∆−→ M,
−1 if M ∆−→ L.
(5.1)
For each i , we obtain a knot J i0 and a 3-component link K
i
0 by the move ∆i , that is, we
obtain a skein delta quadruple (Ki−1,Ki, J i0,K
i
0) or (K
i,Ki−1, J i0,K
i
0) according as if
ε(∆i) = 1 or ε(∆i) = −1. Then we have the following; cf. [12, Chapter III].
Theorem 5.1.
a2(K) =
m∑
i=1
ε(∆i), (5.2)
P
(3)
0 (K;1) = −48
m∑
i=1
ε(∆i)Lk
(
Ki0
)− 24a2(K). (5.3)
Proof. From (4.17) and (4.18), we have
a2
(
Ki−1
)− a2(Ki)= ε(∆i), (5.4)
P
(3)
0
(
Ki−1;1)− P (3)0 (Ki;1)= −24ε(∆i)(2 Lk(Ki0)+ 1), (5.5)
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which yield (5.2) and
P
(3)
0 (K;1) = −24
m∑
i=1
ε(∆i)
(
2 Lk
(
Ki0
)+ 1), (5.6)
respectively. Together (5.2) and (5.6) yield (5.3). 
We apply Theorems 5.1 and 4.1 to twist knots; see [25, Example 2.1]. Let Tm, m 0,
be the twist knot as illustrated in Fig. 8. If m is odd, then we have a delta skein quadruple
(T2i−1, T2i−3, J2i−1,K2i−3), where J2i−1 is a trivial knot and K2i−3 is a split union of
torus link of type (2,2i − 2) with linking number i − 1 and a trivial knot; see Fig. 9. Then
we have the following sequence of twist knots:
T2n−1
∆n−→ T2n−3 ∆n−1−→ · · · ∆2−→ T1 ∆1−→ U.
Since ε(∆i) = 1 and Lk(K2i−3) = i − 1, we have the following by (5.2) and (5.3).
a2(T2n−1) = n, (5.7)
P
(3)
0 (T2n−1;1) = −48
n∑
i=1
(i − 1)− 24n = −24n2. (5.8)
Moreover, since each component of K2i−3 is a trivial knot, by (4.2) in Theorem 4.1, we
have
P0(T2i−1; t) −P0(T2i−3; t) = −t2(i−1)
(
t2 − 1)2, (5.9)
and thus
P0(T2n−1; t) = 1 +
n∑
i=1
(−t2(i−1))(t2 − 1)2 = t2 + t2n − t2n+2. (5.10)
Next, if m is even, then we have a delta skein quadruple (T2i−2, T2i , J2i ,K2i−2), where
J2i−1 is a twist knot T2i−2 and K2i−2 is a connected sum of torus link of type (2,2i − 2)
with linking number i − 1 and the Hopf link with linking number −1; see Fig. 10. Then
we have the following sequence of twist knots:
T2n
∆n−→ T2n−2 ∆n−1−→ · · · ∆2−→ T2 ∆1−→ U,
Since ε(∆i) = −1 and Lk(K2i−2) = i − 2, we have the following by (5.2) and (5.3):
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Fig. 10.
a2(T2n) = −n, (5.11)
P
(3)
0 (T2n;1) = 48
n∑
i=1
(i − 2) + 24n = 24n(n − 2). (5.12)
Moreover, since each component of K2i−2 is a trivial knot, by (4.2) in Theorem 4.1, we
have
P0(T2i−2; t) −P0(T2i; t) = −t2(i−2)
(
t2 − 1)2, (5.13)
and thus
P0(T2n; t) = 1 +
n∑
i=1
t2(i−2)
(
t2 − 1)2 = t−2 − t2n−2 + t2n. (5.14)
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